This paper presents a two-factor (Vasicek-CIR) model of the term structure of interest rates and develops its pricing and empirical properties. We assume that default free discount bond prices are determined by the time to maturity and two factors, the long-term interest rate and the spread. Assuming a certain process for both factors, a general bond pricing equation is derived and a closed-form expression for bond prices is obtained. Empirical evidence of the model's performance in comparisson with a double Vasicek model is presented. The main conclusion is that the modeling of the volatility in the long-term rate process can help (in a large amount) to t the observed data can improve -in a reasonable quantity -the prediction of the future movements in the medium-and long-term interest rates. However, for shorter maturities, it is shown that the pricing errors are, basically, negligible and it is not so clear which is the best model to be used.
The evolution over time of interest rates for default-free zero-coupon bonds is a topic that has been extensively analyzed in the nancial literature. Initially, the analysis of this evolution was performed by means of one-factor models which assume that movements in interest rates are driven by changes in the short-term (instantaneous) riskless interest rate (see, among others, Vasicek (1977), Cox et al (1985) or Chan et al (1992) ). However, it is now widely accepted that interest rates are aected by more than one state variable. In this direction, several papers as Richard (1978) , Brennan and Schwartz (1979) , Schaefer and Schwartz (1984) , Cox et al (1985) , Longsta and Schwartz (1992) , Due and Kan (1996) , Chen (1996) , Dai and Singleton (1997) and Boudoukh et al (1999) use multiple factors to explain the future movements that interest rates may show.
There is substantial empirical evidence 1 that shows that movements in interest rates can be decomposed in three types of \basic" changes related to the level of interest rates, the slope, and the curvature of the yield curve. As the curvature is usually the less important explanatory variable when dealing with spot interest rates, we can think that movements in spot interest rates may be reasonably well explained by the two rst factors.
In fact, this is the motivation for the model previously presented and developed in Moreno (1996) which uses the long-term interest rate and the spread of interest rates as state variables (that is, the dierence between the long-term interest rate and the short-term interest rate is used as a rough measure of the slope of the yield curve). In that paper, both factors are assumed to follow a Vasicek process and, therefore, both variables (1) show mean reversion to a certain long term value and (2) their diusions reect a constant variance term. Under these assumptions, a general bond pricing equation was derived and a closed-form expression for zero-coupon bond and for interest rate derivatives prices was computed, This paper also presented the empirical performance of this model in relation to an alternative onefactor model.
It can be argued that one of the assumptions made in Moreno (1996) , namely, the constant variance in the diusion of the processes followed by a 1 both factors is too restrictive from an empirical point of view. 2 This restrictive feature leads to the present paper whose main objective is to analyze if modeling the volatility improves the empirical performance of the Moreno (1996) model. Thus, the same state variables will be used although we will assume that the long-term interest rate does not follow a Vasicek process but a root-square (CIR-type) process. This alternative model will be denoted hereafter as the Vasicek-CIR model and it can be considered, from a theoretical point of view, as an special case of the Schaefer and Schwartz (1984) model.
The schedule of this paper is as follows. Section 2 presents the main assumptions of the Vasicek-CIR model and provides the basic pricing equation that any derivative asset must satisfy. This equation, with the appropriate terminal condition, allows us to obtain the price of any asset that, at maturity, pays a certain payo as indicated in such terminal condition. In this section we (a) compute the analytical expression that indicate the price of any discount bond under the assumptions given by this two-factor model and (b) recall the analogous formula that was obtained in Moreno (1996) (Vasicek-Vasicek model hereafter). Section 3 analyzes the empirical behavior of both models by comparing the usefulness of these alternative formulas to t and forecast bond prices, that is, the in-and out-of-sample performance of such expressions. The data analyzed correspond to Spanish interest rates and bond prices for dierent maturities during the period 1991-1995. Finally, Section 4 summarizes and concludes.
In this section we present the two-factor (Vasicek-CIR) model that we will use to price default-free discount bonds by deriving (and solving) the pricing equation which must be veried by the prices of these bonds.
The main assumption of this model is that the price, at time t, of a default-free discount bond that pays $1 at maturity T depends only on the current values of two state variables and time to maturity, = T 0 t. The a 2 Interest rate volatility is usually increasing in interest rate level although there is no consensus about the exact relationship between volatility and level. See Chan et al (1992) , A t-Sahalia (1996), Conley et al (1997) and Stanton (1997) for this issue.
main motivation for the factors to be used is the empirical evidence (see footnote 1) that changes in interest rates are a combination of movements in (a) the level of interest rates, (b) the slope and (c) the curvature of the yield curve, which eect is usually negligible. Therefore, we can use the long-term rate and the spread as the variables that help us to explain the movements in the general level of interest rates and changes in the relationship between the short and the long end of the yield curve. With both variables, we can also try to explain the intermediate movements of the yield curve. 3 Although most previous studies use the short-term interest rate as one of the state variable, we redene these variables and, analogously to Schaefer and Schwartz (1984) , the factors to be used are the long-term rate, denoted by L, and the spread, denoted by s, the dierence between the long-and the short-term rate, denoted by r. This selection of state variables allows us to use the assumption of orthogonality between them. 4 Once chosen these variables, we assume that their evolution over time is given by the following stochastic dierential equations Let P (s; L; t; T ) P (s; L; ) be the price, at time t, of a default-free discount bond that pays $1 at maturity T = t + . We can express the instantaneous percentage change in the price of this bond as the sum of its expected rate of return and the unexpected variations in return due to the a 3 Two alternative couples of factors to be used may be: (a) the long-term interest rate and the short-term interest rate and (b) the short-term interest rate and the spread. However, the above two variables are chosen because of a better analytical tractability. 4 This assumption simplies the analytical tractability of the model. Empirical evidence that supports this assumption can been seen in Ayres and Barry (1980) , Schaefer (1980) , Nelson and Schaefer (1983) and, for the Spanish case, in Moreno (1996). 5 After presenting this generic model and deriving the general pricing equation, we will particularize it to obtain the Vasicek-CIR model 3 random changes in the factors dP (s; L; t; T ) a P (s; L; t; T ) = (s; L; t; T )dt + s 1 (s; L; t; T )dw 1 + s 2 (s; L; t; T )dw 2 (2) The steps to be given to obtain the bond pricing equation are very standard 6 and can be summarized as follows: where subscripts denote partial derivatives. The coecients 1 (:) and 2 (:) can be interpreted as the market prices of the spread and long-term rate risk, respectively.
Therefore, given the stochastic process (1) we have assumed for both variables, (3) is the fundamental equation for the pricing of default-free discount bonds of dierent maturities which depend solely on the spread, the longterm interest rate, and its time to maturity. In this equation we deal with the market prices of risk, i (:), because the only way to tie down the bond prices in our (partial equilibrium) model is by means of these (exogenous) parameters.
The solution of the equation (3), subject to the terminal condition given by the nal payment of the bond, P (s; L; 0) = 1; 8 s; L, is the price of the discount bond we are looking for. a 6 For more details, see Moreno (1996).
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The coecients of the bond pricing equation (3) are the parameters of the stochastic process (1) which was assumed for the two factors and the market prices of the risk related to both state variables. As this equation is too general to be solved analytically, we will make the following assumptions about these coecients: Assumption 1 The market price of the spread risk is linear in this variable, that is 1 (:) = a + bs Assumption 2 The market price of the long-term rate risk is proportional to the square root of this variable, that is 
The motivation for the rst two assumptions is that a constant market price of risk is too restrictive and quite unrealistic. The rst assumption is the generalization of the one presented in Vasicek (1977) while the second one is similar to the one obtained in Cox et al (1985) . Regarding the third assumption, the rst process, known as Ornstein-Uhlenbeck process, has been used previously by Vasicek (1977) while the second one was proposed in Cox et al (1985) . Both processes show mean reversion, an important stylized fact that interest rates usually show. In the process assumed for the spread, we nd a constant variance in the diusion term while the variance of the longterm rate is proportional to its level. For each state variable, k i > 0 is the coecient of mean reversion which reects the speed of adjustment of the variable towards its long-run mean value, i , and dw i are standard Brownian motions.
Under these three assumptions, we can rewrite the equation (3) Solving the partial dierential equation (5) we obtain the following proposition: Proposition 1 The value at time t of a discount bond that pays $1 at time T , P (s; L; t; T ) P (s; L; ), is given by P (s; L; t; T ) = A()e 0B()s0C()L (7) where = T 0 t and 
Proof: See Appendix.
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The terms in equation (8) that is, when any of the arguments included in the bond price formula tends to innity, the price converges to zero. It is also easily shown that the bond price function is decreasing and convex in both factors and decreasing with the time to maturity. Once we have obtained the expression (and properties) for the bond price formula under the Vasicek-CIR model, we will recall the assumptions made in Moreno (1996) and the corresponding pricing formula that was derived in that paper: 
Under these assumptions, we can rewrite the equation (3) The solution of the dierential equation (12), subject to the terminal condition given by the payo of the bond at maturity (see equation (6) 
Proof: It is similar to the proof of Proposition 1 and it is omitted for the sake of brevity.
In this section, we describe the empirical application in which we compare the tting and forecasting behavior of the Vasicek-CIR and the Vasicek-Vasicek models. This comparison is performed analyzing the in-and out-of-sample properties of both models. The dataset consists of daily Spanish interest rates and zero-coupon bond prices and cover the period 1991-1995. 7 For each day of this period, we have interest rates (in annualized form) and bond prices for ten dierent maturities: 1, 7, and 15 days, 1, 3, and 6 months, and 1, 3, 5, and 10 years. The interest rates corresponding to the shortest and longest maturity (1 day / 10 years) are used as proxies of the short-and long-term interest rate, respectively.
The main descriptive characteristics of the state variables used in both two-factor models are:
1. For both interest rate series, the unconditional average is larger than 10%. Short-term interest rates are larger than this mean value until October 1993 while the long-term interest rates exceed this level in the whole period except from June 1993 through June 1994. On the other hand, the spread has a mean value very close to zero and ranges between 04% and 8%.
2. The short-term rate is more volatile and moves into a wider interval than long-term rates do.
3. Both state variables show an uniformly high degree of serial correlation.
4. Most of the changes in the short-term interest rates are smaller than 100 basis points while changes in long-term rates are much smoother. As a consequence, changes in the spread are quite similar to changes in short-term interest rates.
5. It is seen a small decrease -in mean -in interest rates through the sample period.
6. Evidence of mean reversion in spread and interest rates is derived. a 7. The theoretical assumption about the orthogonality between the state variables is empirically corroborated.
Next we present the empirical performance of both models. We recall that both models use the same factors and the main dierence between them derives from the alternative processes assumed for the long-term rate, L.
Each state variable of the two competing models, s and L, follows a diusion process (see equations (4) and (11)). The diusion parameters of these processes (k i ; i ; i ; i = 1; 2; 3) are estimated by the Generalized Method of Moments presented in Hansen (1982) 8 . The econometric specication in discrete time is ; i = 1; 2; 3 Table I includes the estimation results obtained for the sample period 1991-1995 and shows that the parameters b i of the discrete time specication (and hence, the diusion parameters k i ) are signicantly dierent from zero. So, there is evidence of mean reversion in all the state variables.
In both models, the long-term interest rate tends to a mean value close to 10% while the spread tends to a mean value close to zero. Comparing the two processes assumed for the long-term rate, it may be interesting to recognize that, under the CIR model, the long rate reverts faster to its long-term value than when considering the Vasicek assumption.
After estimating the parameters of the diusion processes followed by the factors in both models, these values are used to obtain the remaining parameters of equations (7) and (13) . Thus, similarly to Moreno (1996), we use the specications P = P (q 1 ; q 2 ; s 3 jk 1 ; k 2 ; 1 ; 2 ; 1 ; 2 ; s; L; ) + " P = P (q 1 ; q 3 ; s 3 ; L 3 jk 1 ; k 3 ; 1 ; 3 ; 1 ; 3 ; s; L; ) + " (16) where P is the observed price of the discount bonds available at time t, P (:) is the closed-form pricing equation for each model (see equations (7) and (13)) and " is an error term.
The parameters of the equations (16) (q i ; i = 1; 2; 3; s 3 ; L 3 ) are estimated on a daily basis for the period 1991-1995 by means of a panel of data where we have daily yield curves containing a cross-section of discount bond prices. Therefore, we have a matrix with 1230 rows and 10 columns where each row includes the (ten) zero-coupon bond prices available at each day and each column contains the bond prices for a certain maturity.
We estimate the non-linear equations (16) Estimation results for the daily parameters of the Vasicek-CIR model are included in Table II . 9 This table shows the average of the estimated parameters obtained for (a) the full sample period and (b) the sample period divided year by year and reects that all the parameters are positive and highly signicant.
The evolution over time of these parameters can be seen graphically in Figure 1 . This gure shows that the highest values are attained in 1991 while the lowest (and more stable) parameters correspond to the period 1994-1995.
In the next step, we can compute the values, day by day, of the market prices of risk related to each state variable using the estimated parameters obtained from equation (16) jointly with the expressions (9) and (15) and the Assumptions 1 and 2. A graphical representation of these values, for the Vasicek-CIR model, can be seen in Figure 2 . The average values of these prices -under both models -for the whole period and for every year, are included in Table III .
Analyzing the two factors of the Vasicek-CIR model, both market prices of risk are highly signicant and have a similar behavior across the period 1991-1995: each price has always the same sign during all the period 1991-1995 (for the long-term rate, the market price of risk is always positive and a 9 We do not show the results for the Vasicek-Vasicek model that can be seen in Table   VIII in Moreno (1996) . That paper provided all the results for the Vasicek-Vasicek model that are included in the following tables in this paper.
the risk related to the spread has always a negative price) and both series of market prices are specially low in 1992 and the second half of the period 1991-1995. In absolute terms, the price of the spread risk is, at every moment, much higher than the price of risk of the long-term rate.
On the other hand, for the Vasicek-Vasicek model, we can observe a very dierent behavior between both factors and with respect to the alternative model. Thus, the two basic features for the prices of risk in this model are:
1. For the full period, the market prices of risk for both state variables are positive and signicantly dierent from zero.
2. Analyzing this period year by year, the parameters are also signicantly dierent from zero but they show a changing sign. Thus, the mean market price of risk of the spread is negative in the last two years of the sample period while the average of the market price of risk related to the long-term rate is negative in 1991-1992 and 1994.
Finally, we will use the values of the diusion parameters jointly with the parameters estimated by means of the equation (16) to analyze the tting and forecasting power of both two-factor models. The within-and out-of-sample periods are 1991-1994 and 1995, respectively.
First, the in-sample estimated data, for each day of the period 1991-1994 and for both models, are provided by the inclusion of the (daily) estimated parameters and the estimated parameters of the diusion processes in the non-linear equation (16) .
Next, we will compare the out-of-sample properties of both models by using the k-step-ahead forecasts that are generated for the bond prices. These t + k-time forecast values are built using the coecient estimated from time t. This procedure is repeated for each day of 1995.
Once obtained the in-and out-of-sample forecasts, the (within and outof-sample) pricing errors of both models are computed to compare one each other. Thus, we dene, for time t, the error, e t , and the percentage error, P E t , as e t = P t 0P t ; PE t = P t 0P t a P t 2100 where P t andP t are, respectively, the observed and the estimated (tted or forecasted) price, for time t, of the zero-coupon bond with a certain maturity.
For both models, the within-sample (absolute and percentage) pricing errors are shown in Figures 3 and 4 . For all the maturities, it can be seen that the Vasicek-Vasicek model provides a very large pricing error in May, 1993. This error coincides with a sharp change in the short-term rate and in the spread. For both models, neither gure suggests a systematic pattern in these pricing errors.
Denoting by N the number of days of the period to be analyzed, we use the pricing errors to compute several accuracy measures that help us to compare the empirical performance of both models:
1. Mean Error (ME). This measure weights equally the daily errors.
Therefore These ve descriptive measures, for both models, are computed for 1991-1994 (within sample period), for 1995 (out-of-sample period) and for dierent subperiods. The within and out-of-sample results are reported in Tables IV-VI and Tables VII-X, respectively. The performance of both models, for the within-sample period, is included in Table IV . For this period, the Vasicek-Vasicek model underprices the shortand medium-term bonds and overprices the bonds whose maturity is beyond one year. On the other hand, the Vasicek-CIR model overprices the bonds with maturities up to three months as well as the 5-year bonds.
All the statistics included in Table IV reect that both models provide a very big accuracy to the observed bond prices for all the maturities. It can be seen that the pricing errors are increasing with the maturities (the longer the maturity, the larger the error price) but the MAPE for the Vasicek-Vasicek and the Vasicek-CIR models is smaller than 0:26% and 0:02%, respectively. Moreover, in the Vasicek-CIR (Vasicek-Vasicek) model, this statistic is always smaller than 0:01% (0:08%) except for the 5-year bond price.
Comparing both models, the Vasicek-CIR model outperforms the VasicekVasicek model for all maturities and for all the statistics. In short-term bonds, with maturities smaller than one month, both models provide negligible errors and the improvement obtained with the Vasicek-CIR model over the other one is not very large.
On the other hand, focusing on the maturities beyond one month, the Vasicek-CIR model provides a huge improvement: the errors from the VasicekVasicek model are decreased in more than 88% for all these maturities. The biggest improvement in accuracy is achieved in the medium-term maturities (six month and one year) and in 5-year bonds, maturity in which the error measures from the Vasicek-CIR model are about 6% of the error measures provided by the Vasicek-Vasicek model. This conclusion is obtained for all the statistics. In contrast to what happened in the whole within-sample period, this underpricing can also be seen in the Vasicek-CIR model which, on the other hand, overprices the bonds that mature beyond one year.
In this year, both models t the observed data specially well. Thus, the error measures for both models are decreased in more than half for most of the maturities with respect to the whole period. Comparing both models, the error measures of the Vasicek-CIR model, as in the whitin-sample period, are about 10% of the statistics provided by the Vasicek-Vasicek model for all the maturities longer than 15 days. Therefore, the main conclusion for this year is the same than the obtained for the period 1991-1994: for the shortest maturities, both models t specially well to the data but, for most of the remaining maturities, the Vasicek-CIR model provides a remarkable large improvement in accuracy.
Several subperiods have been analyzed and, basically, the same conclusions are reached. For illustrative purposes, Table VI includes the whitinsample results obtained for 1-year bonds for each semester of the period 1991-1994.
Looking at every statistic, it is shown that the Vasicek-CIR model ts better than its competing model in all the semesters and it works specially well in 1991 and 1994 while the Vasicek-Vasicek model obtains its best performance in the rst semester of 1992 and in the second one of 1994.
Based on a mean absolute error (MAE or MAPE) criterion, the superiority of the Vasicek-CIR model implies an improvement of about 90% in all the semesters but the last one in which the errors from the Vasicek-Vasicek model are decreased in 'just' 77%.
For all the semesters, the mean absolute percentage error of the Vasicek-CIR model is around 0:003% that is about fteen times smaller than the obtained for the Vasicek-Vasicek model. This superiority is specially remarkable in the second semester of 1991 and in the rst one of 1994 when the absolute value of the errors are decreased in more than 96%.
The forecasting power of both models is analyzed by computation of oneand ve-step ahead forecasts 10 of bond prices for every maturity and for every a 10 Ten-step-ahead forecasts were also computed. Results are available upon request.
day of the year 1995. Measures of the forecasting pricing errors are included in Tables VII-X.  Tables VII-VIII include the measures for one-step-ahead forecasts. Thus,  Table VII provides the one-step-ahead measures for the whole out-of-sample period. It can be seen that (1) both models forecast quite well, (2) the forecasting power decreases with the time to maturity, and (3) for both models, the MAPE (RMSPE) is always smaller than 0:36% (0:48%). It can also be seen that both models perform similarly for the shortest maturities and, in fact, the Vasicek-Vasicek model performs slightly better than the Vasicek-CIR model.
For maturities beyond one month, the Vasicek-CIR model forecasts better than the Vasicek-Vasicek model showing that the modeling of the volatility in the long-term rate process helps to predict the movements in the mediumand long-term interest rates.
This superior forecasting performance is not monotonic in the time to maturity. Thus, the largest improvement is obtained in the 1-year bond prices when the error measures from the Vasicek-Vasicek model are decreased in more than 21% (15%) when working on a (root) mean absolute criterion. In the remaining bonds, the improvement in the relative forecasting power is much smaller (2 0 7%) and never exceeds 12%, value that is obtained when forecasting the 5-year bonds.
Table VIII provides the error measures obtained, for every month of 1995, from 1-year bonds in which the Vasicek-CIR model achieves its best relative performance. Both models perform better in the second semester (with a MAPE (RMSPE) smaller than 0:06% (0:08%)) than in the rst one, when the MAPE (RMSPE) reaches 0:1% (0:12%). It can also be seen a similar behavior in both models from January to April (with a small superiority of the Vasicek-Vasicek model in this period) and in the two last months of 1995. In the period May-October, the Vasicek-CIR model achieves an improvement of the out-of-sample performance that ranges between 20% (in May) and 65% (in July).
Finally, Tables IX-X show the results obtained when the forecasting horizon is ve days. Thus, Table IX includes the measures obtained with the out-of-sample errors for all the maturities in 1995. Although these measures are bigger than in the shorter forecasts, they are reasonably small as reected in the MAPE or the RMSPE that are, for both models, smaller than 0:8% and 1%, respectively.
The results are analogous to the obtained with the previous predictions: (1) the forecasting power decreases with time to maturity, (2) the VasicekVasicek model outperforms its rival model in the maturities smaller than six months, and (3) the Vasicek-CIR forecasts better than the Vasicek-Vasicek model in the maturities beyond six months. However, this improvement is usually quite small (between 1% and 3%) and only increases until 5% when forecasting 1-year bond prices.
The last table provides the quarterly results obtained with ve-step-ahead forecasts for 1-and 5-year bonds. In both maturities, it can be seen a better forecasting behavior in the second half of 1995 than in the rst one. For 1-year bonds, both models show a MAPE smaller than 0:2% in all the quarters and the Vasicek-CIR model outperforms the Vasicek-Vasicek model whose error measures are decreased between 5% and 15% in the period April-September.
Focusing on the forecasting errors for 5-year bond prices, the MAPE statistic ranges between 0:6% and 1%. In this case, the Vasicek-CIR model improves the forecasts from its competing model in 10% from July to September and, in the remaining quarters, its improvement is much smaller (102%).
This paper has presented a two-factor (Vasicek-CIR) model in continuous time for the analysis of the terms structure of interest rates and its empirical behavior has been analyzed with respect to a second alternative model. The main common characteristic of these two models is that both employ the same factors (state variables) to explain the unexpected changes that interest rates may show in the future. These factors are the long-term interest rate and the spread, the dierence between the long-and the short-term interest rate.
The Vasicek-CIR model assumes that the spread follows a Vasicek process while the long-rate is modeled as a CIR-type process. On the other hand, the Vasicek-Vasicek model has assumed that both variables follow a Vasicek process. This second model was previously presented Moreno (1996) which also developed its pricing properties, the implications on the term structure of interest rates and analyzed its empirical properties with a sample of daily interest rates and bond prices that cover the period 1991-1995.
The main objective of this paper is analyze and compare the empirical performance of both models in the period 1991-1995. Therefore, we can determine if modeling the volatility of the long-term interest rate may help us to explain the future movements of interest rates. As a starting point, we have derived a bond pricing equation whose solution indicates the price of a zero-coupon bond under certain assumptions, namely, this price depends solely on the current values of two state variables (mentioned above) and the time to maturity of the bond. After this solution is obtained, it is used to analyze the tting and forecasting properties of this model. These properties are, in a posterior stage, compared with the ones derived from the Vasicek-Vasicek model. The parameters of our competing models have been estimated in two steps. In the rst one, the parameters of the diusion processes have been estimated by the Generalized Method of Moments by Hansen (1982) . Once these values are obtained, the remaining parameters are estimated by using a cross-section technique. As a result of this combination of estimation methods, we have been able to obtain the daily market prices of risk corresponding to both state variables for both models.
Thus, it has been shown that, for the Vasicek-CIR model, these prices are highly signicant and have a constant sign during all the period 1991-1995. On the other hand, under the Vasicek-Vasicek model, it can be seen that the market prices of risk are signicantly dierent from zero and positive for 1991-1995 although they show a changing sign when analyzing yearly this period.
Finally, we have analyzed the tting and forecasting power of both models. The within-and out-of-sample periods are 1991-1994 and 1995, respectively. After computing the within-and out-of-sample forecasts, the pricing errors of both models (and several accuracy measures) for dierent subperiods have been obtained to compare one each other.
All these statistics show the following facts: (1) both models provide a very big accuracy to the observed bond prices for all the maturities, (2) the pricing errors are increasing with the maturities, (3) the MAPE for the Vasicek-Vasicek and the Vasicek-CIR models is smaller than 0:26% and 0:02%, and (4) in the Vasicek-CIR (Vasicek-Vasicek) model, this statistic is always smaller than 0:01% (0:08%) except for the 5-year bond price.
Comparing both models, it can be seen that (1) The forecasting power of both models has been analyzed by one-and vestep ahead forecasts for every maturity and for every day of the year 1995. Looking at one-step-ahead forecasts, it has been shown that -similarly to the within-sample period -both models perform quite well, the forecasting power decreases with the time to maturity and, for the shortest maturities, both models perform similarly. However, for maturities beyond one month, the Vasicek-CIR model forecasts better than the Vasicek-Vasicek model although this superior forecasting behavior is not monotonic in the time to maturity. Thus, the best relative performance is obtained in the 1-year bond prices when the error measures from the Vasicek-Vasicek model are decreased in more than 21%. In the remaining bonds, the improvement is much smaller ranging between 2% and 12%.
Finally, dealing with ve-step-ahead forecasts, all the statistics reect a worse performance than in the previous (shorter) forecasts although similar results are shown: (1) the forecasting power decreases with time to maturity, (2) the Vasicek-Vasicek model outperforms its rival model in the shortest maturities and (3) the Vasicek-CIR forecasts better than the Vasicek-Vasicek model in the maturities beyond six months. In this case, this improvement is usually quite small, between 1% and 5%.
Therefore, the main conclusion is that the modeling of the volatility in the long-term rate process can help (in a large amount) to t the observed data can improve -in a reasonable quantity -the prediction of the future movements in the medium-and long-term interest rates. However, for shorter maturities, it has been shown that the pricing errors are, basically, negligible and it is not so clear which is the best model to be used. 
Once we know C( ), we can solve the equation (32) 
Including (33) and (35) into (28), we obtain the nal expression for Z(L; t; T ). This expression, jointly with (22), gives the closed-form formula for the default-free discount bond prices for all maturities. This table contains [1991] [1992] [1993] [1994] This table contains the within-sample pricing error measures of both two-factor models for the period 1991-1994. We consider zero-coupon bonds with face value of $1 and with maturities ranging from 1 day to 10 years. We have computed ve dierent error measures: the mean error (ME), the mean absolute error (MAE), the root mean squared error (RMSE), the mean absolute percentage error (MAPE) and the root mean squared percentage error (RMSPE). This table contains the within-sample pricing error measures of both two-factor models for the year 1992. We consider zero-coupon bonds with face value of $1 and with maturities ranging from 1 day to 10 years. We have computed ve dierent error measures: the mean error (ME), the mean absolute error (MAE), the root mean squared error (RMSE), the mean absolute percentage error (MAPE) and the root mean squared percentage error (RMSPE). This table contains the out-of-sample pricing error measures of both two-factor models for the year 1995. We compute one-step-ahead forecasts for prices of zero-coupon bonds with face value of $1 and with maturities ranging from 1 day to 10 years. We report ve dierent error measures: the mean error (ME), the mean absolute error (MAE), the root mean squared error (RMSE), the mean absolute percentage error (MAPE) and the root mean squared percentage error (RMSPE). This table contains the out-of-sample pricing error measures of both two-factor models for each month of the year 1995. We compute one-step-ahead forecasts for prices of zerocoupon bonds with face value of $1 and with maturity of 1 year. We report ve dierent error measures: the mean error (ME), the mean absolute error (MAE), the root mean squared error (RMSE), the mean absolute percentage error (MAPE) and the root mean squared percentage error (RMSPE). This table contains the out-of-sample pricing error measures of both two-factor models for the year 1995. We compute ve-step-ahead forecasts for prices of zero-coupon bonds with face value of $1 and with maturities ranging from 1 day to 10 years. We report ve dierent error measures: the mean error (ME), the mean absolute error (MAE), the root mean squared error (RMSE), the mean absolute percentage error (MAPE) and the root mean squared percentage error (RMSPE). This table contains the out-of-sample pricing error measures of both two-factor models for each quarter of the year 1995. We compute ve-step-ahead forecasts for prices of zerocoupon bonds with face value of $1 and with maturity of 1 and 5 years. We report ve dierent error measures: the mean error (ME), the mean absolute error (MAE), the root mean squared error (RMSE), the mean absolute percentage error (MAPE) and the root mean squared percentage error (RMSPE). 
